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Abstract

This study investigates the implications of in-situ leach (ISL) mining for uranium in the Auob aquifer of the Stampriet
Transboundary Aquifer System (STAS). A mathematical model accounting for complex real-world processes, includ-
ing heterogeneity, borehole interactions, and the dynamics of the leaching process was derived to simulate groundwater
abstraction and injection in a confined aquifer. Extensive model analyses were performed, including sensitivity analysis
of storativity and transmissivity, contributions of individual boreholes, and asymptotic behaviour of the system in early
and late time. Simulations were conducted, including the radius of influence, mass balance, and flow dynamics analysis
considering the reinjection effect with different transfer efficiencies. An iterative approach was defined for implementation
and examples are provided in terms of figures and maps of the decision-making process of evaluating if the ISL mining
places an unacceptable burden on water quality and resource sustainability. The results underscore the risks of ISL activi-
ties for the STAS and provide approaches towards reducing possible contamination with a parallel focus on optimizing
uranium recovery.

Graphical Abstract

The graphical abstract gives the overview of the article that focuses on in-situ leach (ISL) uranium mining in the Auob
aquifer of the Stampriet Transboundary Aquifer System (STAS). It includes the study area with borehole localization for
groundwater abstraction and reinjection, a sketch of the mathematical model used for leaching, and very detailed results
including sensitivity studies of storativity and transmissivity. Furthermore, it refers to the cone of depression and radius
of influence. Additionally, decision-making variables about potential contamination risks, mitigation measures, and maxi-
mization of uranium recovery are described in the abstract. The sections are visually broken down into clearly designated
categories, enabling researchers to interpret complex relationships between the facets of the model and the wider aims of the
research with respect to sustainability.
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1 Introduction

In-situ leaching (ISL) is a well-developed hydrometallurgi-
cal method which isolates uranium directly from ore in the
subsurface, by injecting leaching reagents and recovering
the parent solution through pumping wells. This process is
generally applied in sandstone-type Uranium ores found
in confined aquifers that are saturated (Karami et al. 2023;
Saunders et al. 2016); where groundwater acts as both the
transport conduit of the leaching solutions and the produced
parent solution. In-situ leaching is a process where rock-ore
reactions and the movement of leaching solutions interact,
forming a leaching zone (Nguyen et al. 1983). This area is
affected by hydrodynamics and chemical reaction kinet-
ics, which allow for the contact and reaction of chemical
reagents with in-situ ore (Tan et al. 2005). Various leaching
solutions—including acid, alkaline or CO,-O, solutions—
are mixed with native groundwater and used to leach ura-
nium from the ore. Once these uranium-bearing solutions
are generated, it is mechanically pumped to the surface
through a series of pumping wells carefully drilled into the
aquifer (Li and Yao 2024; Yao et al. 2023; Yuan and Niu
2018).

An ISL process itself generally consists of a network of
injection and abstraction wells arranged according to the
geological and hydrogeological characteristics of the sub-
surface. This arrangement is typically based on a 5-spot or
7-spot well pattern to maximize uranium recovery, while
minimizing environmental footprints (Li and Yao 2024).
ISL is a commonly practiced in many large uranium pro-
ducing countries (such as Kazakhstan, Uzbekistan, China,
USA, Canada), hence approximately 57% of the world total
uranium is produced via this mining method (WNA 2024).
Although ISL mining is deemed efficient, its application in
freshwater aquifers is quite problematic in terrestrial regions
where groundwater is the only available and reliable water
source for household, agricultural, and livestock needs. ISL
technology is very attractive as it has the potential to mini-
mize surface disturbance compared to traditional mining
methods.

Nonetheless, to ensure the efficiency of this mining
method, a deep cone of depression is produced in the aquifer
via excess water abstraction during ISL mining, contribut-
ing to the potential hazards of ISL mining on the availabil-
ity of water for all (Saunders et al. 2016). This approach
can result in decreasing groundwater levels affecting other
users who share the same aquifer as their water source (Liu
et al. 2017; Zhang et al. 2022). Especially in arid regions
where water availability is already stretched beyond limits
because of diminished recharge rates and climate variabil-
ity, the long-term effects of ISL mining are highly alarming
(Zhang et al. 2021). These issues are also exacerbated by the

use of pumped solutions being introduced into the evapora-
tion ponds, especially with low annual precipitation periods.
In light of these concerns, there remains a critical gap in
detailed mapping of ISL mining’s impact on groundwater
resources in the Stampriet Transboundary Aquifer System
(STAS); a critical transboundary aquifer shared between
Namibia, South Africa and Botswana. The larger portion of
the STAS is located in Namibia, where groundwater levels
are decreasing and climate change is impacting the basin;
consequently the competition is rising among water users,
including farmers, who depend heavily on the aquifer for
irrigation and livestock watering (ORASECOM 2016). Due
to the proposal to implement the ISL mining for uranium in
the Auob aquifer, which is part of the STAS, it is imperative
to understand the potential impacts on other water users in
the area with boreholes in the close proximity of the mining
area.

This study thus proposes to fill this gap by creating a
robust mathematical model to simulate the hydrodynamic
effects of ISL mining on the surrounding aquifer system
concerning the boreholes interactions based on multiple
boreholes cones of depression. This model will further assist
us to understand in terms of the groundwater levels, water
quality, and sustainability of water resources in the context
of ISL mining in the area. We will analyse the sensitivity
of the impacts of the ISL process on the aquifer by vary-
ing storativity, transmissivity, and borehole contributions
to evaluate mitigation strategies to minimize impacts. This
study highlights are highly important for ensuring that effec-
tive policies addressing both sustainable groundwater man-
agement and uranium extraction are put in place, especially
in emerging water-limited regions where demand is rising
but climate change has severely reduced availability. Hence,
this paper presents an innovative mathematical framework
to simulate the complicated processes involved, to highlight
hydrological and environmental risks, and to offer specific
recommendations for actions to implement in the region
as a needed addition to the current ISL mining knowledge
base. The model, with its comprehensive treatment of bore-
hole performance and consideration of the induced cone
of depression in the Auob aquifer, will provide a useful
guidepost for evaluating the viability of ISL mining in the
hydrogeological settings like the Stampriet Transboundary
Aquifer System.

2 Materials and Methods
2.1 Study Area Description

The recently discovered sandstone-type uranium deposit
is located in the Leonardville region, northwest of the
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Stampriet Transboundary Aquifer System (STAS) or Stam-
priet Basin. Commonly called the STAS, the aquifer shared
by South Africa, Namibia, and Botswana, is a vital trans-
boundary aquifer supplying water for agriculture, tourism,
and domestic uses in these countries (Kinoti et al. 2024).
The Stampriet Basin comprises three main aquifers, namely
the Kalahari, the Auob and the Nossob aquifer. These aqui-
fers are the region’s only reliable water source. This study is
limited to a segment of the STAS which occurs in Namibia
specifically the Auob aquifer. According to Mendelsohn et
al. (2002), the region is semi-arid, with annual average rain-
fall between 150 and 300 mm which declines from north-
east to southwest. The average annual temperature varies
between 19 °C to 22 °C (Lohe et al. 2020). Hydrologi-
cally, the Nossob and Auob rivers are ephemeral, flowing
only after occasional heavy downpours. Groundwater is the
area’s most prized resource, since there are no perennial riv-
ers in the Stampriet Basin (Mapani et al. 2023).

Validation that in-situ leaching (ISL) was a feasible
method to recover uranium from the sandstone-type deposit
located within the Auob aquifer using sulphuric acid was
confirmed through hydrogeological and geological explo-
ration drilling, which was completed in 2021 (NEA 2023).
The next phase of the project is an ISL pilot test. This step
is crucial for generating hydrometallurgical data needed to
assess the economic feasibility of ISL activities and to fulfil
commercial licensing obligations (Ruiz et al. 2019). There
has been considerable resistance though, from affected
water users who worry that the aquifer could be polluted
when sulphuric acid is injected throughout that process.
Their concerns highlight the balancing act between resource
exploitation and water resource protection, especially in
such a water stressed area. At present, Namibia's governing
body for the managing of water resources has not approved
the ISL pilot testing. This decision is squarely within the
public interest, as it is appropriate to protect critical ground-
water reserves, as well as ensuring that extraction meth-
ods promote public trust in the safety and sustainability of
resource extraction.

2.2 Methodology

We have to admit that there is currently a lack of site-specific
data on the feasibility and safety of ISL in the Auob aqui-
fer; as of now, no pilot testing has taken place. However,
understanding the consequences of ISL activity is crucial
for guiding sound regulation, so the absence of data poses a
serious challenge for regulators. Here, we use a hypothetical
analysis to demonstrate how ISL mining could potentially
generate a deep cone of depression, taking into account the
implications for nearby water users.
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2.2.1 Assumptions and Scope
For the purposes of this analysis, we posit:

i. The proposed mining site is located in the confined
Auob Aquifer.

ii. A 5-spot pattern is applied.

iii. The total recharge to injection wells equals the dis-
charge from the pumping well.

iv. Natural groundwater flows towards an adjacent abstrac-
tion borehole located downstream of the mining site.

These assumptions help derive mathematical equations and
build a conceptual mathematical model to describe ground-
water flow and ISL operations under these conditions.

2.2.2 Why Such an Approach?

Mathematical models are classical tools employed to simu-
late and infer the action of real-world systems in scenarios
where little or no empirical data is available. Since there are
no long-term field data available from pilot tests of the Auob
Aquifer, theoretical data were used in this study. Although
theoretical models will never replace field validation, they
give valuable information, particularly when the actual
hydrogeological environment closely reflects the idealized
conditions presented in the model (Fernandes et al. 2023).

2.2.3 Hydrogeological Context
The study area includes three aquifers (Table 1) namely:

1. Top: Kalahari Aquifer (unconfined aquifer)

2. Auob Aquifer: A confined aquifer in between, where
ISL operations are proposed.

3. Nossob Aquifer: A bottom confined aquifer.

According to ORASECOM (2016), the thicknesses of the
STAS units vary across the Basin, and they exhibit different
hydraulic behaviours, as indicated by the hydraulic param-
eters below.

The Kalahari aquifer has an average thickness of about 150
m. The average borehole pumping rate is between 1.8 to
7.5 m*/h. Transmissivity is 30 m*/day.

The third impermeable layer is 30 m thick. But it is eroded
at some parts causing the middle aquifer to behave like
an unconfined aquifer.

The Middle aquifer is called the Auob aquifer where the
mining will take place. It has a thickness of approxi-
mately 150 m. That means it is at a depth of 350 m.
Transmissivity is ranging between 0.1 to 200 m?/day.
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Table 1 Correlation of the hydrogeological and geological units of the Stampriet Transboundary Aquifer System (STAS) after Miller (2002)

Geological cross-section
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Rietmond Member
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A4
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Damara Sequence)

A1
Upper

Unconfined Kalahari Aquifer
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Auob Aquifer

2nd Impermeable Layer

Nossob Aquifer

1st Impermeable Layer

The borehole pumping rate (sustainable yield) is be-
tween 9.5 to 13.6 m/h.

The 2nd impermeable layer is approximately 40 m thick.

The bottom aquifer is called the Nossob aquifer, and it has a
thickness of 60 m and it is about 400 m deep. Transmis-
sivity ranges from 0.02 to 7.01 m?/day.

The first impermeable layer is about 100 m thick.

Thus, the Auob Aquifer is an ideal scenario for specific mod-
elling of ISL mining dynamics and water resource impacts.
Due to the confined nature of the aquifer, it is crucial to also
understand the effect of the cone of depression on adjacent
boreholes.

2.2.4 Theoretical Modelling Framework

The subsequent simulations in this study represent a com-
plex aquifer system, which includes a central abstraction
borehole, multiple injection boreholes, and corresponding
farmer boreholes. We understand that this is only a repre-
sentation of a five-spot pattern of ISL mining, not the entire
well-field of the mine. The actual number of injection and
abstraction wells installed during the ISL mining in the
Auob aquifer remains unknown. We will assume the pres-
ence of geological faults, which comprise the STAS, in the
study area. We further assume a flat topography, simulating

a surface layer with ups and downs (light green areas) and
a recharge zone, represented by arrows illustrating the path
flow in Fig. 1. Generally, Fig. 1 represents how the layers
and boreholes in a system interact with each other, making
it easier to analyse the spatial structures and relationships
among other elements. In a model of the split aquifer sys-
tem, two rock layers serve as impermeable barriers above
and below the first and second aquifers, respectively. We
visualize the boreholes, which penetrate both the first and
second aquifers, as vertical cylinders with their tops 2 cm
above the surface level, ensuring their visibility and full
coverage of both aquifers. The setup is specifically designed
to investigate groundwater flow, well interference, and the
management of aquifer resources. We assume groundwater
flow along the x direction.

Moreover, Fig. 2 below shows a vertical cross-section
through the system, highlighting the locations of the bore-
holes and their penetration into both the Kalahari and Auob
aquifers. From the cross-section, we can show (clearly)
where the surface, aquifer layers, and boreholes are located
in relative positions. This view also shows how the fault
zone influences the aquifer systems. The model changes the
way we think about the retentiveness of solute transport on
different scales, which makes it a better way to understand
the hydrogeology of STAS. It simulates better large-scale
systems like closely spaced boreholes, aquifers, and fault
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Boreholes and Aquifers System
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Fig. 1 A setup system of ISL abstraction (red), ISL injection (blue) and farmer’s boreholes (green) in 3D view

zones to address applications such as interference studies,
recharge zones, or variations of permeability due to fault-
ing. Groundwater management, resource optimization, and
environmental impact studies can utilize it, particularly in
heterogeneous aquifer systems or active fault regions. The
visual and interactive characteristics of the model serve as an
educational and decision-support tool for hydrogeologists,
environmental engineers, and water resource managers.

Therefore the model will be represented mathematically
by considering:

e The underlying ‘drawdown effect’ of excessive pump-
ing from the Auob Aquifer.

e The interaction of the recharge from injection wells with
the cone of depression.

e Dotted with deep buried abstraction boreholes for draw-
ing the groundwater.

@ Springer

e This model will also include important parameters, such
as hydraulic conductivity, storativity, and recharge rates,
which will vary to accommodate uncertainties in site-
specific conditions.

2.2.5 Relevance and Expected Results

This theoretical investigation not only points out the chal-
lenges and risks of ISL operations but also forms a solid
framework for pilot tests in the future. Filling this knowl-
edge gap, the study seeks to equip decision-makers with a
more informed understanding of the hydrogeological conse-
quences of ISL mining and provides insights for sustainable
management practices of the Auob Aquifer and the STAS
at large.
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Fig. 2 Cross-section view of the

Vertical Cross-Sectional View of Borehole and Aquifer System

3 Mathematical Models for Groundwater
Abstraction and Injection in a Confined
Aquifer

As it has been mentioned earlier, this study focuses on
modelling the interactions of the ISL well-fields (injection
and abstraction wells) with the farmers’ boreholes in the
surrounding of the mining site. Thus, we shall consider a
system of six boreholes, four injection boreholes surround-
ing an abstraction borehole, and a far abstraction borehole
downstream of the 5-spot pattern well-field. All these bore-
holes are drilled and installed into the same confined aqui-
fer. The far borehole belongs to a farmer, while the other
boreholes form part of the well-field pattern used in in-situ
leaching operations to extract uranium from the orebody in
the same aquifer.

We denote the portion of the central injection boreholes
(r1,21), (r2, 22), (13, 23,) and (74, z4); and the central bore-
hole is (rZ, 22). While the farmer’s borehole is denoted by
(ry,zs). Since we want to have the position of each bore-
hole, we use the Delta-Dirac function. For injection bore-
holes, we shall have the contribution of each to be expressed

by:

%6(7'71"1)5(2721) (1

setup system inclusive of the four “er
injection wells and one abstrac-
tion wells and three production
-350 -
boreholes of the farmers
300 -
-250 -
---------- e e e e - ault Zone
— 200 |-
E
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Q
d)
o
-150 |~
-100 -
50 -
or e O
50 1 1 1 L A 1 J
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Note that § (r — 1) d (z — 21) places each borehole at its
respective location (r; — z;). For the central borehole, we
have its contribution to be represented by:

ex

Tcé(r —71:)0 (2 — 2z¢)

()
And for the farmer’s borehole which is placed at (7, zy), its
contribution will be:

s —ra—2)

T €)

If then h (z, 2, t) is the hydraulic head at the position (r, z)
and time ¢, we will have the following equation:

o,
or?

4 Qk
—|—kz=:1 ?Cé(ri — 1) 0 (25 — 2k)

10h

ror

o
022

“4)

zﬁ §(ri — 1) (25
QE‘T
—Tfé(ri —71p) 0 (25 — 2p)

— Zc)
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The above equation can be generalized where the sys-
tem has many far extraction boreholes representing
farmers'boreholes and also a replica of many 5-spot patterns
forming a well field.

The above Eq. (4) can be solved using the Crank-Nicol-
son numerical scheme, whereby;

+1 n

oh W hy
o g i pntl

) hiJ’ — h(’riazjvtn+1)a

ot~ At

*h  (hifiy —2hi T+ RO R — 20T 4 R )
022 2A22 ’
- n+1 n+1 n+1 n n n

Ph (L =2 R b 2 R )
or2 2Ar? ’
Oh (h;irll‘j - h;‘,ljf‘j Ry —hig)

or 2Ar

Replacing these terms in Eq. (4), we obtain the following
scheme.

1
+1 +1 +1 n
aayE Ui = 2RI R+ R = 2R+ )

1 n n
wAr (R = B+ R = By )
1

1 ) )
Az Uiy = 2R+ W B — 2k 4 B

i—1,5
4 0
Qb Qe
+k§ 8 (rs §

7o
?L(S(T' —rp)d(z — z5)
T i ! J f
_ Shﬁz’}rl —hi;
At

+

)

,rk)é(zjfzk)f 77'c)5(7«']’*2c)

3.1 Stability Analysis Via von Neumann

We now assume that the error is given by E'; at each grid
point that represents the Fourier node as:

E}'; = dnexp (i [kyri + k. 2]) (6)

Substituting the Fourier node into the equation yields;
(a) For the time term

S

A7 Onreap (i lkors + k225]) = dnewp (i [kyri + k225]) )
By simplifying, we get;

S )

A (On41 — On) exp (i [kyri + k2 25]) 3

(b) And for the Crank-Nicolson radial term, we have the fol-
lowing for the second derivative;
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n+1 n+1 n+1 3 3
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Will become,

Onrrexp (i [k, (ri + Ar) + k,z])

— 20p41exp (i [kpr; + k.24])

+ Opyrexp (i [k (ri — A7) + k24]) (10)
= Ony1exp (i [ky (ri — Ar) + kzjz5])

(ewp (i i r]) + ep (=i (i Ar]) — 2)

Then,

IL.,
1 )
= m ((5n+1 + 5n) exp (7/ [kﬂ“i + k‘szj]) (11)
(exp (i [kriAT]) + exp (=i [kriAr]) — 2)
_exp (i [kery + kj25])
- (Ar)?

(On41 + 0n) (cos (Ar) — 1)

For the velocity term, we have,

n+1 n+1 9
1 (hi+l,j —h " e hy—LJ’)

2r; 2Ar 2Ar (12)
exp (i [ker; + k.z;]) isin (k. AT) (dn41 + 0n)
- Arr;
(c) For the vertical term,
@N— ! (Ont1 + 0n) (cos (k2Az) — 1) exp (i [kor; + kAz]) (13)
922 (82)2 n+1 n) (¢ z & T z
Therefore, the full equation yields,
Opnt1 — O 1 — cos (k. Ar)
S———F—=4— T, <2 6n + 611
At { (A’[‘)2 ( +1 )
isin (k. Ar)
+TrmT (Ong1 +0n) (14)
1 — cos (k,Az)
T, —————F—> (01 + On
(Az)2 ( +1 )}

By introducing the amplification factor A, we note that for
the condition of stability |A| < 1. Thus from the above Eq.
(14), we get the following:
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S B 1 — cos (k. Ar)
isin (k. Ar)
1 —cos(k:Az)
T, —(Az)2 (A+ 1)}

So for simplification, we let,

Q, = (Aj;i)Q (1 — cos (k-Ar))
Ql = r,»TATr (isin (k. Ar))
Q, = (AT;)Q (1 —cos (k,Az))

Replacing these terms into Eq. (15), we obtain;

S@Aa-n=a(ry (-0 +2-0) (16)

We can therefore reformulate Eq. (16) to produce,

5 | S 4 ! _
(Emr—mmz)fl—ﬂw (@ -Q+a)=0  (17)
If we let b=Q,-Ql+Q.+L%, C=% and
a =, — QL +Q.; then Eq. (17) can be simplified as:

aA? —bA+C =0 (18)

Noting that the above Eq. (18) contains real and imaginary
parts. Therefore; aA%? — bA + C = 0 if the real and imagi-
nary parts are then zero. Therefore for the imaginary part,
we have;

A2l —AQ =0 ifA=1orA=0 (19)

But we need |A| < 1, therefore this term a is not considered.
For the real part, we have;

AQ(QTJFQZ)—A(AStJrQT—sz) +% =0 (20)
Therefore,

L Erot0) i\/(;sggtirgt)Qz)Qél(erLﬂz)i @1
We note that:

S 2 S

S\? S 2
=l—=] —2— (2. +Q Q. +Q
() 25 @0+ @+

Thus, A becomes;

S 0) (50 ) 200, 1) S (9 0)
= 200, + Q)

(22)

We would like to have a condition for which |A| < 1. How-
ever, from the formula of A, we have that;

S S

o F ) £ (F -0 -9 (23)
2(Q, +9Q.)

So,

ifm < 1. Therefore, we will need m < At.
Now the condition is that;
S

< At
1—cos(k,Ar) 1—cos(k.Az) (24)
T (Ar)? + 1 (Az)?

3.2 Truncation Error

In this section, the truncation error is obtained using the
Taylor series approximation.
(1) Time term

oh At? 9%h
R =h2 4+ At—| +——5+O0 (At?’) (25)
sJ »J at o 2 at2
The  forward  Euler  approximation  for %
ish?jl —hi; ~ At g—? 4—yn» Which leads to the truncation

error to be O (At2>.
(2) For the first derivative radial term

n n Oh Ar? 92h
Mg =hig v Arg| T o

+0 (Ar3> (26)
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A2 2
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}TL
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Oh Ar? 92h
P20 il

ntl _ pntl _
hiZi; =hij -4 o 92

+0 (Ar3> (29)

T=T;

T=T;

Replacing these with the central difference leads to:

% = JTT { {hfjl +Ar % o (ar)
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+ [hy; +Ar% +0 (A12>
. T (30)
- h;fjfm% +0 (ar?) }
- ﬁ (mr‘;f _) +0 (o)
=5 ro(a)

(3) And for the second derivative radial term, we shall have;

o1
per, 2072 —

oh  Ar? 9%h
1+1 +1
—2h7 T+ [h:'-,j —Are —}

oh  Ar? 9%h

or + 2 Or?

)
61,2

1
ILI’T + Ar

2 Or?

oh  Ar29%h
+ [h'm' At TW} (31)
oh  Ar?9%h
72hlb_] + {h:ﬁ] — ATE + Tﬁ] }
= o (2 - om ot~ ang +00 (%))
_&h 2
=52 _ +0(ar?)
(4) In the same way for the vertical term, we get;
9%h 0%h
92 ~ s +0 (Azz) (32)
z T=T; Z z=z;
Therefore, the total truncation error is given by:
2
T=0 (ATQ + Az + At2) (33)

Error scale as from the above total truncation error, one
can conclude that the time derivative error accumulates as

(@) (At2) per timestep. However, over t,, times steps, the
MO (At) = O (M At). This error could be significant for a
longer simulation when At is larger. On the other hand for

the radial and vertical terms, over time the error can accu-
mulate in particular with sharp gradients near boreholes.

@ Springer

3.3 Contribution of Each Borehole

In this section, we shall present the contribution of each
borehole.

(1) For an injection borehole situated at (r;,z;), the
hydraulic head contribution at the point (r, z) is given by:

2

ing Qinj 7"*7‘1‘2* <
W (2 t) = 5w W : )4Tté

where W is the well-function defined by

W= [

L l
(2) For the central abstraction borehole, we have;
r2 4+ 22
W( 4TtS ) (35)
The negative sign implies that this borehole reduces the
water level.
(3) While for the far borehole which extracts water at

point (r¢,zy), the hydraulic head contributes at the point
(r, z) is also negative. Thus,

Q5 <<r —rp) (-

Qewt
_ Xc

RE (1, 2,t) = o T
™

RS (1, 2,t) =

zp)?
4nT ATtS (36)

Therefore, the superposition of hydraulic heads at any
points (r, z) is given as:

4
hT (Ta 2, t) = Z hinj (Tv 2, t) - hflt (Tv 2, t) - h?lt (T% 2, t) (37)
j=1

3.4 Sensitivity Analysison S and T’

In this section, we aim to investigate the sensibility of the
total hydraulic head as a function of .S and 7. Since the total
is a sum, we shall investigate it step-by-step.

If,

inj 2 2

47T 4TtS

We let, 1 (S) = %

Therefore,
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dp _ _(T—ri)2+(z—2j)2 (39)
ds ATtS?
And
dn” QM d
i _ Qi d 40
as ~ arT dp" () (40)

So Eq. (38) can be rewritten as;

dp QM d (r
as = 47eruW(“)<

Then, if W7D —
and simplify. Therefore,

)’ + (2
4ATtS?

- %) ) @1

—ep L_“ ) we substitute it into Eq. (41)

dhi"
ds
_ Qﬁ"j exp (—u) (r— 7"1')2 +(z— zj)2
T 4nT <(T_7-,)2+<z_zj>2> <_ 4TtS? (42)
ATtS
'§7Lj
= “nsT P (H)
dhewt Qert
e _ _We _ 43
ds ZnsT P (1) 43
dhemt Qea:t
it S _ 44
s InsT P 1) 44
Therefore,
dh (S) exp (—pu) [ ing t t}
— b exr exr 45
= L e Qe+ (45)
We can see that dh(SS) < 0.

‘We further note that;

d2 hr d2 hizt d2 heact
it = a5 g

4
s (Z hi’”) (46)

B g oy QM (PW () (dp\P AW () dp

aszh (8) = m( 2 (@) = as? 47
Pu 2 —r) 4 (2 - z)° 8)
as? ATtS3

The sign of the second derivative is positive since is the sum
of positive terms. This is the same with transmissivity, since
for example;

d o Q" AW (1) (= —1)° + (2 — ;)°
ﬁh7 = 74'/TT2 w (/1) - Q(: du ( AT?tS ! (49)

And the second derivative;

d72 ext
dr?
eat (oW 2w d(u)\°
Qe (1) (1) (d(p) (50)
4 T3 du? du
2 dW (p) d(p)
T2 du = dp
Thus,
4 ing ext
dhiotal dni™  dhert dh§
— 2 _ c _ 0
ar ~2Tdr T ar  dr ©b
Phiotar 2R d2hert PR

arz 2 arr " arz a0 P

3.5 Asymptotic Behaviour: Early and Late Times

In order to understand the transient and steady-state behav-
iour of the groundwater flow, we shall analyse the asymp-
totic behaviour of the total hydraulic head hyotq; (7, 2, t) for
early and late times.

(1) For early time, that is when t — 0, we recall that the
well-function will behave as follows;

W r? + 22 ~
4TtS
This is due to the fact that W' (1) ~ £ for the condition that

p < 0.5,
Now for the injection boreholes i, we have:

r2 + 22
8TtS

(53)

R (7, 2, t)

QI <(7“—n)2+(2—2j)2>

~

T AxT

8TtS (54)

inj
- 3253&“2155 {=r*+ -2}

One will notice that the head contribution decreases at ¢~
and is proportional to the distance squared distances from
the observation point to the place where the borehole is
placed.

For the central borehole, we have;

@ Springer
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Q:

W (2 t) = — g5 Tre

{(r—ri)2 + (z—zi)z} (55)
The total hydraulic head for early-time behaviour is then;

Ntotal (ry 2, 1) >~ 7ﬁ{ iQﬁ”j ((r — ri)Q + (2 — 21)2)
— Qe ((7 — r,;)Q + (2 — zc)2> (56)
- Qf" ((7‘ —rp)’ + (2 - Zf)z) }

Therefore, hiotar (1, 2, t) is proportional to % ast — 0. This

is in agreement with expectations from the well-known
transient flow theory.

(i) For late time, it is well-known that
W (p) ~ —Inp — 0.5772 as yr — oo. Therefore,

W<(r_

7“i)2 +(z — zi)2
4TtS

(57)
(r=r)*+ (= 2)°
~ —] —0.5772
N { ATtS
Adding the contribution of each borehole we obtain;
1 [ & 4TS
hiotat (7, 2, 1) = *m{ ;QL In ((r — 7"«;)2 Yo 213)2)
et 4ATtS
- Q"'In (—(r oo ZC>2> (58)

ATtS
_ 0
’s ‘1<<r—rf>2+<z—zf»>2>}

The conclusion is that for late time, the hydraulic head
hiotar (1, 2, t) decays logarithmically with time as ¢t — oo.

3.6 Analysis of Radius of Influence

We aim at investigating the radius of influence between the
far borehole and the central borehole taking into account
the effect of injection boreholes. To do this, we will use the
solution at the later time. We start with the injection bore-
holes. Thus for each injection borehole 7 the distance from
the central borehole is (r; — r.), so;

h'zin] (Tuq Z7t) ~ —Ql In ((T’c rl) + (ZC

- z)*
anT ATt ) (59)

The sum of the contribution from the four injection bore-
holes is given as:

@ Springer

higiar (s 2,1)

4
E mj (re, 2, 1)

k=1 (60)

1 . 1n] c —T’k)2+(2’c—2k)2
S ()|

We should combine the effect of both central and injection
boreholes. Such that;

histal ™ (re,z,1)
4
= he (ro, 2, t) + Z R (re, z,t)

i=1

_ _szt In (TC)Q + (ZC)Z

- AaT 4TtS

1 <
FTtl Te + ZC

47rT 4TtS

ingj (re — ri)2 + (2 — 2 ')2
e [1“ (===

Let R{%] . be the radius of influence of the central borehole.

m]

4

7‘i)2+(zc2k)2>} (61)

47TT 4TtS

7

Thus radius is the radial distance from the central borehole
where the hydraulic head will decay to a threshold value
pthreshold Tn mathematical terms, this is:

hcentral (RZ;:% o 2 t) _ hthreshold (62)
So,
. 2
U [ () + @
el I R
2
oo (R ) e (63)
+;Qi o ATtS
— hthreshold

After manipulation, we obtain;

ini 2 ) hth'r'eshuld
<Rwic> + 22 = 4TtSexp (%)
o 2 .
s ((Rode-n) + G- g (64
11;[1 4TtS Qert
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—Aqphthreshold

o 2
s [ ((Bod =) + =207 g

(R;’;{SJ = |4TtS.exp ( Qe ) };[1 S Q%zt 2 )
net __ ing ext ext

- otal — Q + Q

The condition is that; _ aliéelﬂ E| (’chLt‘ L |];2?L)t ) 68)
_ threshold — _ ext| ext
ATtS.exp (ngem) (a—1) |Qc | ‘Qf |

. (RZEC B n—)Q e zi)z 2 If « = 1, then,
11 1Ti5 “e Qe =~ Q5| (69)

s
Il
-

That is to say;

ingj 2 p: .pthreshold
ﬁ(@ﬂmrﬂ*@ijw Peap (<t
S S

iTtS Qcrt ATtS

i=1

To calculate R™™ | we use the Newton—Raphson formula;

ext,c
thus:
f(Ry)
Rn+1:Rn_f/(R )/ (66)
where, R,, = Riﬁ‘ic

3.7 Mass Balance and Flow Analysis of the Model

We will provide a flow and mass balance analysis that helps
to determine the net flow. Here we are still under the condi-
tion that the injection borehole uses water extracted from
the central borehole. However, due to evaporation from the
evaporation ponds and the harsh climatic conditions of the
study area, we assume there might be a 10% less reduction.
So we let a € [0,1], when « is the efficiency of the transfer
system. If then o = 1, then the designed system is perfectly
efficient. But if & < 1 then there is a proportion of extracted
water by the central borehole that is lost and only aQ%*!
would be available for re-injection. Therefore, the total
losses are given as (1 — «) Q%¢.

If QiZfal is the total injection volume from four bore-
holes, then QI —=S"' Q" = «|Q%!|. Therefore

each borehole receives;
inj « exr
QM =7 lee| (67)

The total net flow with losses is then calculated as;

And if we assume that, the transfer system is not running
properly, thus o = 0, then,

Qnet — _ |Qi1t’ o |Q?xt| (70)

3.8 Re-injection Effect with Transfer Efficiency

In this section, we shall include in the mathematical model
the effect of re-injection with a. Since,

Q" = % Q™| (71)

Then the modified groundwater flow in radial coordinates
becomes;

Lo ( o
ro T@r

0h |~ olQe|
+@+i:1 T 0(r—m)d(z—2z)
ext
O P Yo (72)
T
‘Q;.Lt
= 0(r =) d(z - z)
oh
— 5a

The superposition hydraulic head is given by;

4
htotal (1, 2,8) = > B (v, 2,8) = h§™ (r, 2,1) — ™ (v, 2,1) (73)

i=1

inj o 0‘|QEM| (rfri)2+(zfzi)2
where, h;™ (r, z,t) = == W aTtS
Now if we consider the function I' (r, 2,7, Z, f) to be the

sheen function that stand for the impact of a point source
placed at (7, Z) on the hydraulic head at (r, ). Then,
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Q™|
47T

h(r,z,t) =hy — I (r,z,7,%1)

o]Qe| 5
+T§F(razvrivzi,t) (74)

Q™|
47T

I'(r,z,7f, 2¢,1t)

3.9 Numerical Simulations and Results

The abstraction and total injection rates for the in-situ leach
(ISL) mining for uranium in the Auob aquifer from the
pumping well in a five-spot pattern were set to be 386 m*/
day and 378 m’/day respectively. The three farmers’ bore-
holes production yield was chosen to be 10 m*/day, 12 m?/
day and 15 m?/day. The radius of influence or the distance
between the ISL pumping well and the farmers’ boreholes
is 100 m. The static water level was set to be 12 m below
surface level, assuming that the wells are not free-flowing.
During simulations, we assumed that both the mine and the
farmers would be operating at the same period for 12 h from
6 AM to 6 PM for one year. All wells were assumed to fully

Fig. 3 Relationship between aquifer 1 0,3

Recharge

penetrate the Auob aquifer at 330 m depth. Since groundwa-
ter recharge in Namibia is estimated to be one percent of the
maximum annual precipitation (300 mm in the study area)
and evapotranspiration is about 90%, then these parameters
were allocated the approximate values of 0.00003 m/day
and 0.0027 m/day respectively. The simulation results are
shown in the Figures presented hereafter. Figures 3 and 4
show that evapotranspiration in the study area is intense
across the hydrological year, indicating that very limited or
zero recharge reaches the Auob aquifer.

It is observed that with time the total volume of water
abstracted from the Auob aquifer within 12 months during
the in-situ leach mining will be more than the total volume
of water injected into the aquifer as shown in Fig. 5.

A significant loss is estimated to occur during the ISL
operations due to increased evaporation from the evapora-
tion ponds, although water may be injected into the system
(Fig. 6). This means that the amount of water that will be re-
injected during each cycle will reduce with time, regardless
of its positive impact on the water table. Therefore, a large
margin of losses could be incurred if the operation lasts lon-
ger under the prevailing climate conditions in the area.

Analysing the sensitivity of the abstraction flow rates, we
observed that increased abstraction volumes would likely
cause a decline in the water table with time (Fig. 7).

Mining activities will have a greater impact than agri-
cultural activities, which means that ISL mining will inevi-
tably have a significant impact on the water levels of the

recharge and evapotranspiration in 4 s
the arid climatic condition of the
STAS

057

T

vs. Evapotranspiration

Recharge
Evapotranspiration | -
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Fig.6 The effect of injection bore- « 104 Injection Boreholes Effect on Water Table
holes on the water levels 7 - T T T T T
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Auob aquifer over time. The decrease in aquifer pressure
would facilitate the release of sufficient water, accelerat-
ing the removal of the generated parent solution. However,
the lack of actual data from the pilot testing prevented this
paper from validating the extent of the impact on water
levels under normal circumstances. We project that the
farmers'boreholes will have a negligible impact on the
pumping well of the ISL system when the radius of influence
is 100 m (Fig. 8). However, the hydrogeological properties
of the aquifer would simultaneously determine the extent of
the influence between the irrigation and ISL boreholes.
Therefore, considering the influences of the abstraction
and injection rates during ISL mining—the abstraction from
framers’ boreholes as well as the effect of precipitation that
may end up as groundwater recharge for this deep aquifer—
we observed that overall water levels will decline with time

(Fig. 9).
3.9.1 Interactions of ISL Wells and Farmers’ Boreholes

We further simulated the influence of the selected flow
rates of each borehole on one another, particularly with the
intentional creation of the cone of depression during the ISL
mining operations. The purpose of creating a deep cone of
depression is mainly to control the migration of contami-
nants beyond the mining zone. Therefore, we numerically
simulated the interaction of the boreholes with others, and
the figures below illustrate the results. Figures 10 and 11

Fig. 8 Influence of farmers’ bore-

demonstrate that the irrigation boreholes’ cone of depres-
sion is significantly smaller than the ISL pumping wells’, as
the mine site extracts more water from the aquifer than the
farmers do. The farmer’s borehole, with a higher production
rate, obviously will create a deeper cone of depression than
others.

Figures 12 and 13 indicate that the impact of the
farmers'boreholes on the central borehole (ISL pumping
well) would be negligible. However, if the farmer’s bore-
holes are located near the mine site, there is a high prob-
ability that the ISL pumping well’s cone of depression could
interfere with them over an extended period of time.

4 Conclusions

This study extends the existing knowledge on the Auob
aquifer with a detailed mathematical and numerical frame-
work, which can be utilized for understanding and manage-
ment of impacts due to in-situ leach (ISL) uranium mining
in heterogeneous aquifer systems. The model clarifies the
main parameters driving groundwater behaviour during
in situ leaching ISL performance by employing a mix of
theoretical derivations with sensitivity analyses, asymptotic
behaviour assessments, and mass balance evaluations. The
results highlight the significance of controlling the cone of
depression and optimizing reinjection methods to contain
leachate within the limits of the mining site, thus reducing

of Farmers Boreholes on Central System

holes on the pumping well

Influence of Farmers on Central System

. 10° Influence

T T

1 1 1 1 1
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Fig.9 Water Table fluctuations over
one year

Fig. 10 Cone of depression around
the central borehole (ISL pumping
well)
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Fig. 11 Cones of depression v 10° Cones of Depression for Farmers Boreholes
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Cone of Depression Over Time
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the negative impact on water quality and quantity. Sensi-
tivity analysis highlights the importance of storativity and
transmissivity in determining the transport of leachate and
the availability of water. Additionally, the transfer efficiency
effects highlight that improved containment strategies may
be achievable with optimized reinjection. Such an integrated
approach allows decision-makers to gain valuable insight
and gives them the ability to establish a sustainable frame-
work for the management of the Stampriet Transboundary
Aquifer System in the context of ISL mining. Further studies
need to include field data and extend run duration to prop-
erly parameterize the model and increase its applicability.
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